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Abstract— In this article, we study digital repetitive control
to track continuous-time periodic references. Sampled-data
control gives a very natural platform for studying digital
repetitive control, and in particular, sampled-data H

∞ filtering
is particularly suitable for this. The link is provided by intro-
ducing internal model control. This leads to a close connection
between robust repetitive control and sampled-data H

∞ noise
reduction, or regularization. With this connection, it becomes
possible to employ a variety of filtering techniques, such as
multirate filtering, for robust digital repetitive control. Design
examples show the effectiveness of our method in robustness in
digital repetitive control.

I. INTRODUCTION

Repetitive control is a control scheme which is designed

for tracking periodic reference signals or for rejecting peri-

odic disturbances [1]. This method was first introduced in

the control of magnetic power supply for proton synchrotron

[2]. Since then, a number of theoretical and industrial studies

have been made on repetitive control, see surveys [3], [4] and

references therein.

In view of the internal model principle [5], [6], repetitive

control system must include the periodic signal generator

Qc(s) =
e−Ls

1 − e−Ls

in the feedback loop. This enables us to track arbitrary

periodic references of period L with zero steady-state error.

There however arise two problems; stability and imple-

mentability.

The stability problem is due to the fact that the repetitive

control system is a neutral delay-differential system. By this

nature, the control system cannot be exponentially stable

if the transfer function of the plant is strictly proper [1],

[6]. To remedy this, modified repetitive control [7], [1] was

proposed, in which the repetitive controller Qc(s) is replaced

by

Qmod
c (s) =

Fc(s)e
−Ls

1 − Fc(s)e−Ls
(1)

where Fc(s) is a lowpass filter with a cutoff frequency ωc.

This repetitive control enables us to exponentially stabilize

strictly proper plants, and to well track reference signals up

to the cutoff frequency ωc.

The modified repetitive control provides a reasonable

scheme for general plants; however, there remains the sec-

ond problem: implementability. This is due to the infinite

dimensionality of the delay e−Ls, which is difficult to im-

plement with an analog device. For this problem, controller

discretization is an effective solution. In this approach, the

delay e−Ls is conventionally replaced by a sampled-data

system Hhz−m
Sh, where Hh and Sh are, respectively, the

zero-order hold and the ideal sampler with sampling period

h, and m is a positive integer satisfying L = mh. This leads

to digital repetitive control [8] with repetitive controller

Qd(z) =
z−m

1 − z−m
.

This is the signal generator for arbitrary discrete-time peri-

odic signals of an integer period m, by which the control

system can achieve perfect tracking1 for the periodic signals

on the sampling instants.

While this appears to be a reasonable compromise, it

inevitably induces intersample ripples, which clearly limits

the tracking capability. Although a partial solution may be

obtained by introducing a generalized hold [9] or a multirate

control [10], one wants to have an overall performance

estimate and control of such intersample ripples. This can be

effectively handled by modern sampled-data control theory

[11], [12], and there are indeed several works on sampled-

data repetitive control: [13], [14], [15], [16], [17].

While motivated by these works, we here propose another

novel repetitive control scheme viewed from the viewpoint of

digital filter design. This approach makes use of the internal

model control (IMC) [18], instead of the modified repetitive

control, and gives an effective solution to the following

problems discussed above:

• stability,

• implementability,

• and intersample ripples.

The principle of IMC is in incorporating the model in the

controller to handle the intrinsic difficulty in the plant. In

our case, the plant may be strictly proper and non-minimum

phase (i.e., difficult to control), and hence we place the model

into our repetitive controller.

The objective of the present article is to show that by using

the IMC structure, sampled-data H∞ filters can effectively

solve the three problems simultaneously listed above. This

filter was first proposed in [19], and since then a number

1Perfect tracking means that the steady-state tracking error is zero.
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Fig. 1. Digital repetitive control system: K is a sampled-data repetitive
controller, Pc is a stable plant which can have unmodeled dynamics.

of works have appeared on various digital signal process-

ing problems, such as sampling rate converters [20], [21],

optimal wavelet expansion [22], fractional delay filters [23],

JPEG noise reduction [24] and ∆Σ converters [25]. See also

a survey paper [26].

The sampled-data H∞ filter is a digital one, which is

designed to approximate the time delay e−Ls with respect

to the H∞ norm of the sampled-data error system. It is

noted [26] that the conventional Shannon reconstruction

causes high-frequency errors due to the Gibbs phenomenon.

This is because the conventional filter is designed to per-

fectly reconstruct the original signal within the Nyquist

frequency. Without confining ourselves to this idea of perfect

reconstruction (however below the Nyquist frequency), it

is possible to obtain a better overall performance by using

sampled-data H∞ filters.

We have proposed this approach in [27], but the robustness

was not discussed there. In this article, we also show that

robust repetitive control can be described by sampled-data

H∞ noise reduction or regularization. Regularization is used

in machine learning [28] or inverse problems [29], [30].

Using this technique, we can well control a trade-off between

fitting of the given input data and robustness against model

uncertainties. In regularization, robustness can be achieved

by reducing a norm of the solution. In the same vein,

we apply regularization to achieve robustness in repetitive

control.

The organization of this article is as follows. In Section

II, we formulate the problem of repetitive controller design.

We introduce IMC-based digital repetitive control in Section

III, where we discuss the relation between repetitive control

and sampled-data H∞ filtering. We also consider robust

stability there. Section IV illustrates design examples to show

effectiveness of our method. Section V concludes this article.

A. Notation

The subscripts ‘c’ and ’d’ indicate, respectively,

“continuous-time” and “discrete-time.” We use boldface let-

ters (e.g., K) for sampled-data systems (i.e., systems includ-

ing both continuous- and discrete-time signals); in particular,

Sh and Hh are the ideal sampler with period h and the

zero-order hold with period h, respectively. L2 denotes the

square integrable functions on R+ (the strictly positive real

numbers), and B(L2) the linear bounded operators in L2.

II. DIGITAL REPETITIVE CONTROL PROBLEM

Here we formulate a repetitive control problem. Consider

the control system shown in Fig. 1. In this figure, Pc is a

plant to be controlled. Throughout this article, we assume

+
Sh z−m Hh

Fig. 2. Conventional digital repetitive controller.

that the plant Pc is stable, or already stabilized by another

controller. The plant can be perturbed due to uncertainty in

modeling. The controller K we design is a sampled-data

system. In this setting, the control system should achieve

• (robust) stability,

• and tracking reference r of period L.

As mentioned above, if the relative degree of Pc is nonzero,

perfect tracking and stability are incompatible. Thus, we

must relax the strict requirement of perfect tracking. Our

problem is formulated as follows.

Problem 1: Find a (robustly) stabilizing controller K

such that the sensitivity function S = (I + PcK)−1 is

sufficiently small at frequencies

ωn :=
2πn

L
, n = 0, 1, 2, . . . , N

where N is a given positive integer.

This is the main idea of modified repetitive control. We

however do not adopt the structure of (1), but introduce an

internal model control structure.

III. REPETITIVE CONTROL WITH IMC STRUCTURE BY

SAMPLED-DATA H∞ FILTERS

A. Sensitivity Optimization

The conventional digital repetitive controller is shown in

Fig. 2. This is an approximation of the continuous-time repet-

itive controller Qc(s) = e−mhs/(1 − e−mhs) assuming that

m is a positive integer satisfying L = mh. By the equation

ShHh = I (identity) [11], the digital repetitive controller

is given by HhQdSh where Qd(z) = z−m/(1 − z−m).
This Qd is the signal generator for arbitrary discrete-time

periodic signals of period m. By the discrete-time version

of the internal model principle, the repetitive control system

with Qd can perfectly track arbitrary m-periodic references.

Note however that this can lead to intersample ripples, since

this accomplishes tracking only at sampled points. Here we

propose an alternative to Qd via the internal model control

(IMC) scheme and sampled-data H∞ filters. The proposed

repetitive control system is shown in Fig. 3. In this figure, Pc

is a stable continuous-time plant and Pc denotes a model of

Pc. The system Fc is assumed to be stable and strictly proper.

This Fc is usually called an anti-aliasing filter. This however

is not necessarily required to have a cutoff frequency lower

than the Nyquist frequency π/h. This is introduced to make

the feedback system to be L2-bounded (see [11]).

The sampled-data H∞ optimal filter is an approximation

of the continuous-time delay e−Ls taking account of inter-

sample errors by using sampled-data H∞ control theory.

This fact can be used in our IMC repetitive control. Assume

for the moment that Pc = Pc, and the sampling frequency
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Fig. 3. Sampled-data repetitive control system with IMC structure.
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Fig. 4. Error system for approximation of e
−mhs where m is a positive

integer.

2π/h is non-pathological [11]. Then, by using the Youla

parameterization, the feedback system is stable if and only

if the digital controller Kd is stable. If Kd is stable, the

sensitivity function is given by

S = 1 − PcHhKdShFc.

To solve our problem, we use a weighting function Wc1

which is stable and lowpass. By using this weighting func-

tion, we optimize the following objective function

J1(Kd) = ‖(e−mhs − PcHhKdShFc)Wc1‖∞ (2)

where the norm is the L2-induced norm of the sampled-data

error system which is equivalent to the H∞ norm of the

lifted system [11]. Roughly speaking, if this is sufficiently

small, then we have PcHhKdShFc ≈ e−mhs in low fre-

quencies determined by the cut-off frequency of Wc1. Then

the sensitivity function S can be small at {jωn}n=1,2,...,N .

The corresponding error system is shown in Fig. 4. The

optimal filter, called sampled-data H∞ filter, can be obtained

numerically by the fast-sampling method [19], [31] or H∞

discretization [32].

B. Robust Stability Conditions

We consider uncertainty in the plant Pc. Let D := {∆ ∈
B(L2) : ‖∆‖∞ ≤ 1}, where B(L2) is the set of the linear

bounded operators in L2. We have the following lemma [11].

Lemma 1: Assume Kd is stable.

1) The control system shown in Fig. 3 for any Pc of the

form (multiplicative perturbations) Pc = Pc(1+∆Wc2)
where ∆ ∈ D and Wc2 is a stable weighting function,

is internally stable if

‖PcHhKdShFcWc2‖∞ < 1. (3)

2) The control system shown in Fig. 3 for any Pc of the

form (additive perturbations) Pc = Pc + ∆Wc2 where

∆ ∈ D, and Wc2 is a stable weighting function, is

internally stable if ‖HhKdShFcWc2‖∞ < 1.
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Fig. 5. Error system for robust repetitive controller.

C. Robust Control

Here we formulate a robust controller design problem in

our repetitive control framework. For simplicity, we consider

only the case of multiplicative perturbations, although an

almost parallel discussion applies to the case of additive

perturbations.

To relate the robust stability condition (3) with our objec-

tive function J1 in (2), we define the following two-block

objective function

J2(Kd) =

∥
∥
∥
∥

[
(e−mhs − PcHhKdShFc)Wc1

PcHhKdShFcWc2

]∥
∥
∥
∥
∞

(4)

where Wc1 and Wc2 are stable weighting functions. It should

be noted that the weighting functions Wc1 and Wc2 must be

chosen considering the trade-off between performance and

robustness. As mentioned above, our goal is to track periodic

signals in low frequencies, and hence the weighting function

Wc1 is chosen to be a lowpass filter. On the other hand, if

Wc2 is also a lowpass filter, this will fundamentally limit the

tracking performance since the filter cannot have enough gain

in low frequencies. Usually the noise n have more energy in

high frequencies, so we choose a highpass Wc2, in particular,

to have the property Wc2(0) = 0. We also assume that the

norm ‖Wc2‖∞ be much smaller than ‖Wc1‖∞ since a large

Wc2 can seriously degrade the tracking performance. See the

example in IV-B below.

The corresponding block diagram for designing a robust

controller is shown in Fig. 5. This diagram provides an inter-

pretation of the design as noise reduction. Continuous-time

noise n is added before A/D (Analog-to-Digital) conversion

(i.e., ShFc), and the filter Kd attempts to reduce the noise n
and reconstruct the input signal v. This interpretation gives

a recipe for designing the analog device Fc (anti-aliasing

filter). That is, if Wc2(s) is a highpass filter with cutoff

frequency ωc2, then Fc(s) can be chosen as a lowpass filter

with the same (or a lower) cutoff frequency. This however

can decrease the tracking performance in high frequencies.

Another interpretation of the robust controller design is

regularization [28], [29], [30]. The design in the previous

subsection to minimize (2) is a kind of inverse problem; we

seek a sampled-data (delayed) inverse system HhKdSh of

the uncertain continuous-time system “FcPc” whose inverse

cannot be stable and causal. This type of inverse problem
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Fig. 6. Digital implementation of sampled-data repetitive controller: Pd is
the step-invariant discretization of Pc.
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Fig. 7. Multirate repetitive controller with upsampler ↑M .

is called ill-posed, for which regularization is a powerful

tool. Regularization limits the norm of an inverse system to

obtain a robust inverse against uncertainty of a target system

or data. We can see that the objective function (4) limits

the H∞ norm of PcHhKdShFc with weighting function

(regularization parameter) Wc2. Then the gain of the resulting

filter Kd is reduced in high frequencies determined by Wc2.

See the design example in IV-B.

The optimal controller which minimizes (4) can be com-

puted numerically by fast-sampling method [31] or H∞

discretization [32].

D. Implementation

Our sampled-data controller in Fig. 3 includes both a

discrete-time controller Kd and a continuous-time plant

model Pc. To implement this with a digital device, we

equivalently convert the sampled-data system into a discrete-

time system. To this end, we introduce the step-invariant

transformation [11], Pd = ShFcPcHh. This system is a linear

time-invariant discrete-time system, by which our controller

is transformed into

K = Hh

(
Kd

1 − PdKd

)

ShFc.

This controller is illustrated in Fig. 6.

E. Multirate Filtering and Control

It is pointed out in [10] that in digital repetitive control

systems, the period of the hold device can be shorter than that

of the sampler. Considering this advantage, we can adopt a

multirate controller shown in Fig. 7 instead of the controller

in Fig. 3 In this system, ↑M is the upsampler [33] defined

by

↑M : {x[k]}∞k=0 7→ {x[0], 0, . . . , 0
︸ ︷︷ ︸

M−1

, x[1], 0, . . .}.

Assuming that Pc = Pc, the controller Kd is designed to

optimize the following objective function

J3(Kd) = ‖{e−mhs −PcHh/MKd(↑M)ShFc}Wc1‖∞. (5)

This is a multirate filtering problem addressed in [21]. The

optimal filter can be numerically obtained by using the

discrete-time lifting [11], see [21]. Digital implementation

as shown in Fig. 6 is also obtained by discrete-time lifting.

Robust controller as proposed in III-C can also be designed

by the following objective function

J4(Kd) =

∥
∥
∥
∥

[
(e−mhs − PcHh/MKd(↑M)ShFc)Wc1

PcHh/MKd(↑M)ShFcWc2

]∥
∥
∥
∥
∞

.

(6)

The optimal Kd can be numerically obtained by fast-

sampling method [31] or H∞ discretization [32], with

discrete-time lifting.

IV. DESIGN EXAMPLES

In this section, we show design examples. The nominal

plant Pc here is

Pc(s) =
s − 1

2s3 + 3s2 + 4s + 5
.

The period L of reference signals is 20. The sampling period

h is 1, and the delay steps in designing the H∞ filter is m =
L/h = 20. The first example shows efficiency of multirate

structure of digital repetitive control. The second example

discusses robustness of repetitive controllers.

A. Multirate Control

Here we show the effectiveness of multirate filters dis-

cussed in III-E. We assume that there is no perturbation in

the plant, that is, Pc = Pc.

The weighting function is a lowpass filter with cutoff

frequency ωc = π/20, that is,

Wc1(s) =
1

Tcs + 1
, Tc =

20

π
.

The lowpass filter Fc is chosen as

Fc(s) =
1

Ts + 1
, T =

1

100
.

With these parameters, we design two controllers; the

sampled-data H∞ optimal Kd1,opt minimizing J1 in (2) and

the multirate controller Kd3,opt minimizing J3 in (5). The

Bode gain plots of these controllers are shown in Fig. 8. In

this figure, the inverse of Pc is also plotted. The controllers

well simulate the shape of |Pc(jω)−1| in the low frequencies,

while they are attenuated near the Nyquist frequencies (π and

4π). The shapes of the filters in the high frequencies result

from the mini-max optimization with the trade-off between

mimicking P−1
c and reducing imaging [33] due to the zero-

order hold Hh or Hh/M (and the upsampler ↑M in the case

of M = 4).

Then, by using these filters, we simulate the repetitive

control for a rectangular reference of period L = 20. Fig. 9

shows the time response of the single-rate repetitive control

system. This figure shows that there remain ripples around

the edges of rectangle. The time response of the multirate

repetitive control system is shown in Fig. 10. We can clearly

see that the multirate structure substantially reduces the

ripples in Fig. 9, and shows the effectiveness of the multirate
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Fig. 8. Controllers; single-rate sampled-data H∞ filter Kd1,opt (dash),
multirate sampled-data H∞ filter Kd3,opt (solid), and the inverse of Pc

(dots).
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Fig. 9. Time response of single-rate sampled-data H∞ optimal repetitive
control system; delayed reference (dots) and output y (solid).
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Fig. 10. Output of multirate (M = 4) sampled-data H∞ optimal repetitive
control system; delayed reference (dots) and output y (solid).
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Fig. 11. Controllers; nominal controller Kd3,opt (solid) and robust controller
Kd4,opt (dash).

controller when a faster hold device is available in the

repetitive control system, although the sampler acts slowly.

That is, multirate filtering is efficient for digital repetitive

control.

B. Robust Control

Here we show an example of robust controller design

discussed in III-C and III-E.

We design two controllers; multirate nominal controller

Kd3,opt minimizing (5) with M = 4, and multirate robust

controller Kd4,opt minimizing (6) with the weighting function

Wc2(s) = 0.05 ·
Tcs

Tcs + 1
, Tc =

20

π
. (7)

The number 0.05 is a trade-off parameter between perfor-

mance and robustness, see the discussion in III-C. The other

parameters are the same as ones in the previous subsection.

Fig. 11 shows the Bode gain plots of the designed filters.

While the robust controller Kd4,opt is quite close to the

nominal controller Kd3,opt in low frequencies, it has much

lower gain in high frequencies. This attenuation is due to the

effect of taking account of high-frequency uncertainty (7) in

our robust design. This can also be interpreted as a result of

regularization discussed in III-C. The difference between the

peaks of two gains in high frequencies is about 10 dB.

Using these filters, we give simulation results of the

repetitive control for a triangular reference signal of period

L = 20. The plant is assumed to have a multiplicative

perturbation defined by

Pc(s) = Pc(s) (1 + ∆(s)) , ∆(s) =
s − 1

s + 1
.

Fig. 12 shows the tracking error of the repetitive control

system with the nominal controller Kd2,opt. Due to the effect

of the plant perturbation, the error shows persistent response

and decreases very slowly. On the other hand, by using

the robust controller Kd4,opt, the error decays much faster

and exhibits a dramatic improvement in performance. These

results show the present robust controller design is effective

against uncertainty in the plant.
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Fig. 12. Tracking error by nominal controller.
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Fig. 13. Tracking error by robust controller.

V. CONCLUSION

In this article, we have proposed a novel repetitive control

by sampled-data H∞ filters. The controller has an IMC

structure and is designed by solving a one-block sampled-

data H∞ control problem, which is equivalent to a sampled-

data H∞ filtering problem. We have also proposed a ro-

bust controller design, which is described by a two-block

sampled-data H∞ control problem. We have discussed a

relation between the robust controller design and noise

reduction or regularization. Design examples show the ef-

fectiveness of our method.
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